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KINETICS OF TRANSPORT OF HYDROPHOBIC IONS THROUGH LIPID MEMBRANES
INCLUDING DIFFUSION POLARIZATION IN THE AQUEOUS PHASE
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Previous interpretations of the kinetics of transport of hydrophobic ions through membranes have been based on one of
three limiting assumptions. Either diffusion in the agueous phase was taken to be rapid, or ionic motion was constrained to
the membrane or a steady state was presumed to be established within the membrane. We present a general treatment of the
coupled diffusion process through both the aqueouns phase and the membrane; our theory contains the previous results as
limiting cases. It is applied to voltage jump-current relaxation experiments on black lipid membranes in the presence of
dipicrylamine or sodium tetraphenylborate. We have attempted to establish the rate of desorption from the membrane. For
the system phosphatidylserine/tetraphenylborate, the rate of desorption and the rate of translocation were found to be com-

parable.

1. Introduction

The transport of lipid soluble ions through lipid
bilayer membranes represents the simplest model sys-
tem for the study of the permeation of hydrophobic
ionic substances across biological membranes. A large
number of hydrophobic ions have been found to in-
crease the conductance of artificial lipid membranes
[1.2}. The ions most extensively studied have been the
dipicrylamine anion (DPA) and tetraphenylborate
(TPB). Their transport mechanism has been investi-
gated using the following methods: voliage jump [3.,4],
charge pulse [S], optical absorption [6], noise analysis
[71 and admiitance measurements [8,2]. A recent re-
view by Andersen [10] provides a fairly complete dis-
cussion of the major results. Most experiments have
been interpreted in terms of a model tirst suggested by
Ketterer e.a. [4]. It assumes that transport proceeds
by the following mechanism:

a) diffusion through the aqueous phase to the lipid
membrane;

b) adsorption at the interface;

¢) translocation across the membrane interior;
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d) desorption into the aqueous phase;

e) diffusion in the bulk solution.

The kinetic processes b, ¢, and d are assumed to be
first order and can be understood as a passage across
activation barriers either at the interface (b and d) or
within the membrane (c). This part of the transport
model is illustrated in fig. 1.

Previous studies have provided estimates of the trans-
location rate constant k; and the adsorption partition
coefficient 8. However, it has been impossible to deter-
mine %, the rate constant for desorption from the mem-
brane. The difficulty is that the adsorption/desorption
process is not readily kinetically distinguished from the
aqueous diffusion process.
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Fig. 1. Kinetic model for the transport of lipid-soluble ions
through membranes [4]. Since the adsorption/desorption process
is presumed to be voltage independent, the adsorption sites are

at the interface.
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The original analysis of the model under voltage
jump conditions [4] was carried out assuming that the
ion concentrations in the aqueous phase adjacent to
the membrane remain constant for times comparable
to the mean translocatio;' time across the membrane
interior. Diffusion in the aqueous phase was treated
separately and assumed t:: be independent of the mem-
brane translocation process. As a result both upper and
lower bounds for & were obtained and it was con-
cluded that the rate limiting step in the overall process
is desorption into the aqueous phase. In fact, as was
pointed out by Haydon and Hladky [11], the assump-
tion of constant ion concentration near the interface
is not generally vaiid. As a consequence the estimates
of k are unreliable and possibly incorrect; thus the
rate limiting step in the overall process has not yet
been identified. The work presented here analyzes
the unrestricted Ketterer model. The coupling of
diffusion, adsorption and translocation processes is
treated exactly. The theory is used to interpret voltage
jump measurements and to provide a more reliable esti-
mate of the desorption rate constant X.

2. Theory
2. 1. Derivation of the relaxation current

Although the model will be treated in generality, it
is, nevertheless, a greatly simplified representation of
physical reality. The following restriciions are imposed:

1) The voliage drop occurs completely across the
membrane; the electrical potential in both aqueous
‘phases is constant. This is practically accomplished by
having a large aqueous concentration of an inert elec-
trolyie which cannot cross the membrane.

2) Only the translocation process is voltage depend-
ent; the adsorption/desorption process is voltage inde-
pendent. This is only an approximation; in fact the
adsorption/desorption process is weakly voltage depen-
dent [5,12].

3) Interactions of the hydrophobic ions within the
membrane, whether they be direct (elecirostatic) or
indirect (via perturbation of the membrane structure)
are ignored. This restricts our treatment to relatively
small concentrations where saturation phenomena play
no significant role {3,4,12—16].

. 4) The problem is treated as one dimensional, infinite
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in the aqueous phase, and with planar membrane sur-
faces. Thus we are resiricted to times sufficiently short
so that diffusion only occurs in the unstirred layers; as
a result convection is ignored.

The constraints will be discussed at greater length in
section 4.

The kinetic model is illustrated in fig. 1. When a
voltage is applied, the translocation rate constant k; is
enhanced for ionic transport in one direction and re-
duced for motion in the opposite one; this is indicated
in the figure by the two symbols &} and %;. The only
charge carrier within the membrane is the lipid soluble
species of valency z. The rate constant for desorption
into the aqueous phase is k; that for adsorption is §&.
Thus, § may be interpreted as an equilibrium constant
for adsorption,

B=njC, 1

where NV is the ion surface deasity at the interface and
C is the ionic concentration in the aqueous nhase.
Denoting the ion surface density in phase’ (phase”) as
N’ (V") and the jonic concentrations in the two aque-
ous solutions as C’ (C"), the equations describing the
kinetic processes on the left hand side of the system
(phase’) are

acC’/ar =D 82C'[ox2, (3}
dN’[dt = BrCy — (k+EN'+ kiN" . 3)

The analogous equations for processes occurring on the
right hand side of the system are constructed by ex-
changing the superscripts ' and ”. Here Cy is the ion
concentration in the aqueous solution adjacent to the
adsorption layer and x is the distance from the mem-
brane surface. In addition to the two kinetic equations,
there is a boundary constraint. The flux of ions approacl
ing the interface from the solution side is just the net
rate of adsorption

DoCy/ox =BrCy— kN', x=0. “@)

The boundary condition at the right hand interface is
analogous. The initial conditions are

Cc'=C"=C, N'=N"=8C, ;)

where C is the bulk conceniration in the aqueous solu-
tions. Because of the symmetry of the fundamental
equations, an increase in ionic concentration a distance
x from the right hand interface is balanced by the iden-
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Fig. 2. Schematic concentration profile for hydrophobic anions
neay the membrane interface under an applied voltage.

tical decrease a distance x from the left hand interface
as shown in fig. 2. Hence, we define

C'=C-c(x, D,
N'=BC— n(@),

C"=C+eclx1), ©)
MN'=BC+n(). @)
Substituting these equations in eqgs. (2)—(4) (or their
right hand side analogues) yields

dc/or=Dd2c/ox? , ®
dnfdt = Bkcy— (k+ K, +k] Yyn+ (K~ k{)BC, ©)
Docyfox =fkcyg —kn, x=0. (10)

In the absence of a potential difference, &} = k{, and
the inhomogenous term in eq. (9) is zero. Under such
conditions the only solution is, as it must be,

n(@)=c(x, 1)=0. (11)

In general, diffusion equations can be solved using
Laplace transform techniques [17]. Defining the
Laplace transform

oo

cix, s)= f clx, De St dr, (12)
1]

and an analogous expression for 72(x, s), the Laplace
transforms of egs. (8)—(10) are

s¢ =D d2é/dax2 , a3)
sn=Bkcg — (k+ ki+ k{)n+ (k;— k)BCs , (14)
Dacy/dx =pkecy— ki, x=0, as)

where ¢g = (0, 5) and the initial conditions 7(0) =
¢(x,0) =0 have been used.

As long as the system may be assumed to be infinite
in extent the solution to eqgs. (13) and (14), with the
boundary constraint eq. (15) is

) =2 n;——\/a; exp (—V/5/Dx) , (16)
—1 g K=&
ﬁ(s)=(%+g+—i-3—%—:"}—5—) 2= ge,  an

k=K+ki, q=~/sg/k, g=«x/k, w=Dkp2. (18)
To obtain an expression for n(r), the inverse Laplace
transform of eq. (17) is needed. The relevant mathe-
matics, which requires complex variable analysis, is
outlined in Appendix A. The result is

BCkl— k)

(ki + k3 19)

_2\/23 3 exp (—u2k £) du
X{l z Ofwuzlg(u2~1)-112+(u2—1>2}'

The quantity of practical interest is not #(#), but rather
the current, 7(#). As we assume a single steep energy
barrier, this is [4]

I(O)=zFAJKN' — k{N"), (20a)
from which, with eq. (7), we obtain
I(1) = zFA [(k; — k1) BC — (ki + k) Hn(D)] , (20b)
so that, using eq. (19), one finds

exp (—u2k 1) du @D

2/ r

10 =1 —,
(f) 07w 5{ wu? [gw?—1)— 112 + (@ — 1)?

Iy =zFABC(K, — K'Y, (22)

where F is the Faraday constant and A4 is the area of

the membrane. The integral of eq. (21) is not particularly
convenient for numerical analysis. However, by cdeter-
mining the roots of the equation

wifg? —1)—1]12+ @2 —-1)2=0, 23)

the current can be expressed in terms of the error funec-
tion of complex argument, defined as

w(z) = e erfc (—iz)
2 . F 2 }
=e ¥ {1+ 2L [e**qu], 249)
{ VT of

where i =+/—1 and z is a general complex variable, x+iy.
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Values and properties of this function have been tabu-
lated [18]; some of its important properties are summa-
rized in Appendix B.

The cubic equation in 12, eq- (23), has no positive
roots. Either all three roots are nezative real or one is
negative real and the other two are a conjugate pair.
Which of these situations obtains is determined by the
values of g and w; the distinction, as will be seen later,
is physically significant. Expressing the roots of eq.
(23) as u?‘ = —yj, €q- (21) may be written as

VK1)
kl;—-l] (}’] J’k)]’ @3

which is convenient for computation in the domain
where the three quantities y; are real and positive (the
roots of the cubic equation are negative real) since
then, as is clear from eq. (24), all quantities appearing
in eq. (25) are real numbers. When two of the quantities
¥; form a conjugate pair it is more convenient to catalog
the roots of eq. (23) as

w(i
I(?) \/—02] 1 [

2 ==y, u% = (u%)* =re—2ip (26)
in which case the curient is
- Ig/Newg? [*V(im)+ 1
»3+ 2y 7cos2¢+ r2 Vi r3/2sin 2y
XA{(ycosp+ rcos3g)U+ (yysing + rsin 3c,o)W}:| ,
with @7
U+iw=wQ/retelv), (28)

all quantities appearing in eq. (27) are real. For compu-
tational purposes egs. (25) and (27) are useful; for
analytical purposes eq. (21) is sometime helpful. In
only one time domain can a simple approximate ex-
pression for the current be found; as ¢ - =0, the asymp-
totic approximation to 7(7) is easily found from eq.

(21),
7
i 7% Djwt {1 +

a result only valid when both kt 2 6 and k7 = 3w (1+
8)?.

2.2. Interpretation

2kt (29)

2—cu(1+g)2+ }

There are five fundamental parameters that deter-

mine the current relaxation: D, 8, k, k] and k. Of these,
D is known or may be estimated with reasonable accu-
racy. Two relationships between the other parameters
are established by the magnitude and slope of the initial
current. From egs. (9), (20) and (22) it is readily seen
that

K= k; + k;' =

—(@1Inf/dt),—, (30a)

B&,— ki) =1Iy/zFC4 , (30b)

where Iy =1(z=0). If the relationship between &j and
k is known, then &}, k; and 8 may be estabhshed from
the initial current behavior using eq. (30), as first men-
tioned by Haydon and Hladky [11]. Given this infor-
mation the precise shape of the relaxation is determined
by k. Therefore, by a comparison of theory and experi-
ment is it in principle possible to determine X. In prac-
tice, however, X can only be obtained if it is within
bounds determined by the other parameters and by the
measurement accuracy.

The simplest relationship between &} and & is found
if the membrane interior is presumed to represent a
single steep and narrow energy barrier in which case

{41

K, =kezul2  K=ke—z2, u=VFRT, (31)

where V is the voliage drop across the membrane. Then,
from eq. (30) we find

K =2k, coshzuf2 , (322)

Iy = 2BzFACk;sinh zu/2 . (32b)

Thus, measurement of fy and —(d In f/d ) suffice to
determine § and k;. At time sufficiently long that only
the leading term of eq. (29) is significant, we find from
egs. (29)—(32),

ki—k:

1(6) =k‘—+k‘— zFCA~/D[xt , (332a)
1 1

= zFCA tanh § zu~/Dfnt . (33b)

Eaq. (33b) was previously obtained by Neumcke [19]
who ignored all time dependent processes within the
membrane. Eq. (33a), in combination with eq. (30a),
indicates that the voltage dependence of &} and k] may
be experimentally determined if measurements can be
made in the domain where eas. (29) or (33) are appli-
cable.
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Fig. 3. Qualitative relaxation behavior in physically distin-
guishable domains (see text). Qutside of the region with 3 real
roots, eq. (23) has one real and two complex conjugate roots.
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An analogous analysis has been carried out for car-
mer mediated transport [20].

2.2.1. Special cases

Although the final limiting current, eq. (33), is in-
dependent of k, k; and B (the ratio (k; — k{)/(ki+ k])
is only a function of &), the approach to this limit is
quite variable. From eq. (21) the shape of the current
relaxation is determined by g and w; depending upon
the relative and absolute magnitude of these param-
eters qualitative differences are to be expected in the
behaviour of the relaxation current. These distinctions
reflect different physical possibilities, i.e. whether diffu-
sion, adsorption/desorption, or translocation is the most
significant process at relatively short times. There are
four limiting domains in the g — u plane illustrated in
fig. 3. They are physically characterized as:

a) rapid diffusion in the aqueous phase (gw > 1);

b) rapid equilibration at the interface (g < 1);

c) slow diffusion in the aqueous phase (w < 1);

d) slow equilibration at the interface (g> 1).

To establish these assertions two of the properties
of the w-function catalogued in Appendix B are of
particular importance

w(iy) = e erfc () , (34)
U=Rew(x)= e—x> | 35)

a) Rapid diffusion («wg = D[kB2 > 1). Here eq. (23)
has only one real root; the values of ¥, 7 and ¢ appear-
ing in eq. (26) are
yi=Vewv?, r=vlg, o=12vJ/uwgy,
with ¥ = g+ 1. Hence, from eq. (27) and (34), the
current is
I_(Q=e‘”erfc(\/ar)+gU_'__3_ ]/i W _ K

Iy 1+z 292 ¥ w7 ? WY
G7)
where U and W are to be calculated using eq. (28). In

the limit that g — <o, eq. (37) simplifies drastically.
With egs. (18), (28) and (35), the result is

1(2) _1+gexp{—(k+k)it}
10 l+g ’

(36)

. (38)

precisely that of Ketterer et al. [4]. This expression is
only valid at relatively short times, t <€a—1 =D [(k + &)/
kk}2 (this time may, however, be far greater than ac-
cessible measurement times). At larger times the func-
tion e?? erfc (\/af) decreases noticeably from its initial
value of 1 and eq. (38) may not be used (when 1=
0.01/a, e?ferfc (\/ar) ~ 0.9); simplification of eq. (37)
is no longer possible. Until the asymptotic domain is
reached each of the three terms in /(#) contributes a
comparable amount to the current. However, at any
time the current calculated using eq. (38), i.e. when
wg =00, is an upper bound to the current in a system
with the same value of g but a finite value of wg.

b) Rapid equilibration at the interface (g = kfk << 1).
In this limit there may be either one or three real roots
to eq. (23). The values of y; are

39
(40)

y; =1 ewg?,
02,¥3)=(w — 2 xV/w? — 4w)/2,

they are real when w >4 and y,,y3 form a conjugate
pair when w < 4, for which

p=sin"1(Vew/2) . C2))

With egs. (25) and (27), the current, in the limit g — 0,
is .

r=1,

Do pgiwiang, U+iw=wi/iiew), w<4(42)



278

I _ Sw_ —e Sw,
1y ef—eS
= cosh—1(/2/2) , “3)

When w —> 0 diffusion is relatively slow; from eq. (41)
¢ — 0 and using egs. (42) and (35), the current decay
is exponential

I(t) =Ioe-xt -

> we=wlivkte*s),

w>4.

44)

At large ¢ diffusion is relatively fast; from eq. (43),
s> 1 and it follows, using egs. (32) and (34), that
/Ig cothzuf2\2

I(r) = Iy e exfc/at , a=113 —Q—mL) . (45
an expression identical to eq. (37) when g is small. This
is equivalent to results of Neumcke [19] and of Haydon
and Hladky [11]. However, the previous derivations
tacitly assume that relaxation (by means of adsorption/

esorption and translocation) and diffusion in the

aqueous phase are independent processes that contri-
bute additively to the current. This is not correct. Only
when both interfacial equilibration and aqueous diffu-
sion are relatively rapid processes (in the sense that
& <1 and gw > 1) is the current relaxation given by
eq. (45). When these conditions are satisfied, the
current decay depends upon only one response param-
eter, Jy; all other quantities are pre-assigned. For general
w in the small g domain both initial response param-
eter I and —(d In fy/d ?) are needed to determine 1(2).
In all cases eqs. (42) and (43) (i.e. when g=0) are upper
vounds to the current for non-zero values of g at fixed
values of ¢.

c and @) Slow diffusion in the aqueous phase (¢ =
D/xB2 < 1) or siow equilibration at the interface (g =
k/k > 1). When either diffusion or adsorption is rela-
tively slow, we find the same limiting behavior for the
current. This is a consequence of our assumption that
only transiocation kinetics are voltage dependent. A
more complete analysis, including the voltage depend-
ence of the adsorption/desorption process might dis-
tinguish between the two possibilities. In either case
ions are not replenished on the left hand side of the

- membrane nor are they removed from the right hand
side. The membrane is effectively isolated from the
bulk solution. There is only one real root of eq. (23)
and the values of ¥1>7and g are

1= 1/wg2, r=1, o=+/of2(1+ wz?); “6)
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These are identical with those of egs. (39) and (41)
when g is small and to those of eq. (36) when g is large.
The current, from eq. (27) is

I(d w2g3 [ bt
= —=2—— | ellerfcA/bt
Io a+ ng)Z

1+ 3ewg?

m IV:' 5 b= K/(.ng2 . (47)
In either limit, g > 1 or v <€ 1 the second term in eq.
(47} is small. For g == or w —> 0, eq. (47) reduces to
€q. (44); the current decays exponentially.

This of course corresponds to the most rapid decay
possible; after the charges initially present on the mem-
brane have been transferred, no further changes are pos-

sible.

2.2.2 General behavior

Depending upon the values of g and v, the maxi-
mum current can take either the form of eq. (38) (for
fixed g, as w —> <) or of eq. (42) or (43) (for fixed w,
as g = 0). The minimum current, corresponding to the
most rapid relaxation, always has the simple exponen-
tial form eq. (44). If k and 8 have been established from
the initial conditions via egs. (30) and (32), then the
determination of X is in practice dependent upon how
substantially the maximum and minimum possible cur-
rents differ at reasonable conductance levels. It is clear
that it may not always be easy to estimate % from the
shape of the current function since the initial slope,
€q. (30a) and the long time behavior, eq. (33), do not
depend on k. The initial conditions serve only to esta-
blish ¢> = D/kfi2. Thus, the most direct way to deter-
mine k is by computing 1(2)/1, for fixed c at variable
g. If the calculated and measured curves can be super-
imposed then g and, from egs. (18) and (32), & can be
obtained. To illustrate the problems with this approach,
the ratio J (t_\,IIO is plotted as a function of g for the
w-values 10~4,10~2, 1 and 10*2 in fig. 4. When w is
104, the initial slope is easily measured; however, the
current is insensitive to g (and thus &) until it has fallen
to below 1% of its initial value, conditions under which
separation of the ionic flow from the background con-
ductivity of the membrane becomes difficult. As w
increases, distinction between different g becomes pos-
sible. When ¢« = 10~2, finite g can be differentiated from
£ =0 for g = 10; distinction, at 2% current levels, from
£ =<0, is still possible when g < 100. As  continues to
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Fig. 4. Relaxation of the reduced current /1y as a function of reduced time r* = (kj + k)7 = #/7 for various values of the parameters
wandg. A) «w=10"%:B) w=10"2;C) w = 1; D) w = 102. The valuzs of g are given in each graph. In each case there is no notice-
able change in the current relaxation if g is reduced below the smallest value given. The dashed line is the limiting reduced current

when g — = (i.e. k < kj+ kj)-

increase, a different problem arises; it becomes more
difficult to measure the initial slope. For co =1 this
does not appear to pose a significant problem and g

can be established (again assuming the 2% current level
to be accurately measurable) if it is in the range 1 <

£ < 100; otherwise only bounds on g can be driven.
When ¢ = 102, measurements of initial slope are un-
reliable for g < 0.05 (the decrease is too small). How-
ever, for 0.05 < g < 100 discrimination between dif-
ferent g is possible (again assumning that the experimeni-

tal limit is the 2% current level). The general conclu-
sions are:

a) As w decreases, it becomes ever more difficult to
establish g. If the current can be accurately followed
no further than 2% of its initial value, marginal discri-
mination between different g is no longer possible when
w <1074,

b) As w increases, greater discrimination is possible.
Under the most favourable conditions, g may be esti-
mated if it lies in the range 0.05 < g < 100. If the
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current can be measured more accuratley, distinction
between larger values of g is possible. Otherwise only
bounds on g can be determined.

One final point must be stressed. The limiting curves
shown in fig_ 4 represent the possible range of current
values permissible with this kinetic model. Should a
system exhibit a larger current than predicied, this
must be interpreted as clear evidence for the inade-
quacy of the model.

3. Materials and methods

Relaxation experiments were made on black lipid
membranes formed in unbuffered sodium chloride
solutions (pH about 6) containing trace concenirations
of the hydrophobic substance dipicrylamine (Fluka)
and sodium tetraphenylboraie (Merck). The membranes
were prepared according to the technique initially de-
scribed by Muelier and Rudin [2]. The lipids used were
decane solutions of 1, 2 dioleoyl-3-sn-phosphatidyl-
choline (lecithin) and phosphatidylserine isolated from
ox brain. The particular method of membrane forma-
tion and the details of the voltage jump-curreni relax-
ation technique have been described previously [20,21].

Special emphasis was placed on the resolution of
the current. It was measured as the voltage drop across
an external resistance. The voltage was amplified by and
displayed on a Tektronix oscilloscope 5115; it was
then fed into a signal averager (Nicolet, model 1072)
and finally plotted on an X-Y recorder. The use of
signal averaging reduced the current noise considerably.
Voltage pulses of variable length and amplitude were
obtained from a low noise, battery driven pulse gene-
rator designed in our electronics workshop. The rest
time between successive pulses was at least ten times
the puise duration; this was required in order to rees-
tablish equilibrium. The accuracy of the current meas-
urement depends linearly on the magnitude of the
externatl resistance. On the other hand, by increasing
this series resistance, the voltage clamp conditions across
the membrane are less well approximated. As is shown
in appendix C, one can correct for this effect when the
applied voltage is small. For the experiments illusirated
in figs. 5 and 6 we have chosen conditions where this
correction is small. As a result the measurement error
is greater than had we used a larger external resistance.
The total external resistance is essentially composed of
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the measurement resistance and the solution resistance-
The latter was approximated by the cell resistance
without membrane (about 400 £2 in 0.1 M NaCl).

To avoid non-Chmic effects, all measurements were
carried out with an applied potential of 10 mV. The
aperture used to form the membranes was 3 mm in
diameter. By working with relatively large membranes
and at small voltages, unwanted side effects such as
electrostriction and torus effects were minimized. As
measurements were made at small voltages, the slight
electrode (Ag/AgCl) asymmetry potential (< 1 mV) was
compensated for by introducing a variable battery driven
voltage source in the external circuit. The membrane
area was determined by measuring its diameter using a
graticule eyepiece in conjunction with a calibrated screw
micromeier. The uncertainty in the area was less than
10%.

The voltage jump apparatus and the accuracy of the
current measurement was tested by using a dummy
circuit (an equivalent circuit for the transport of hydro-
phobic ions across the membrane [4]). The error bars
shown in figs. 5—7 represent the noise level, which is
only significant at the lowest current levels. Calculations
were performed using a PDP 11/40 computer.

4. Results and discussion

Measurements were made on four different systems;
lecithin/DPA, lecithin/TPB, phosphatidylserine/DPA,
and phosphatidylserine/TPB. As we have shown in
section 2, the form of the current, 1(?), is very strongly
co-dependent. Only when w = 10~2, are there substan-
tial deviations from exponential behavior at short times,
the conditions needed to establish k. Since « is inver-
sibly proportional to f2, large o corresponds to small
B. Thus by choosing membranes which possess surface
charges of the same sign as the transported ions, §, the
partition coefficient for adsorption, wilt decrease due
to electrostatic repulsion *. For this reason membranes
formed from negatively charged phosphatidylserine
were expected to be particularly favourable. The order
of magnitude of « in 0.1 M NaCl was found to be
10—5 (lecithin/DPA), 10—3 (iecithin/TPB and phospha-
tidylserine/DPA) and 1 (phosphatidylserine/TPB). The

* We have defined g in terms of the aqueous bulk concentration,
see egs. (1) and (5).
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Fig. 5. Current relaxation for the system dipicrylamine/lecithin following a voltage jump of 10 mV (average of 32 pulses). The mem-
branes were formed from a 1% solution of dioleoyllecithin in decane in the presence of 0.1 M NaCland 5 X 1072 M dipicrylamine
in the aqueous solution (temperature 25°C). At the lower current levels the measurement uncertainty is indicated by bars. The
initial current spike arising from the loading of the membrane capacity makes no significant contribution in the time range investi-
gated (charging time about 20 us). A) Measurement performed immediately after the membrane became black (membrane area
0.066 cm?, measurement resistance 330 2, correction factor = 0.99). The solid curve was calculated from eq. (27) assuming D =
4.7 X 1076 cm? s~! and using the experimental values Iy =1.72 X 1077 A and & = 700 s~ . From these values one finds w =4.2 X
1076. Any value of k = 257! is consistent with the solid curve. The dashed curve corresponds to & = 0. B) Measurement performed
75 min after the blackening process {membrane area 0.072 cm?, measurement resistance 330 §2, correction factor r = 0.98). The
solid curve was calculated in the same way as in A) with g = 3,25 X 1077A,x = 16765 ! and &k > 457! (w =3.3X 107%). The
dashed line was obtained assuming 7o = 1.75 X 1077 A,k = 1012s™! and £ > 357! (w = 6.9 X 1078) (see text).

diffusion coefficients used were 5.2 X 106 cm2 s—1
(TPB) (22) and 4.7 X 10~6 cm2s—1 (DPA); the latter
was estimated from the value for TPB assuming Stokes’
law. Of the four systems investigated, the results ob-
tained for three cases are presented in detail.

In figs. 5, 6 and 7 the results of typical experiments
are illustrated. Fig. 5 pertains to a system which has
been frequently studied using relaxation techniques
— a neutral membrane doped with DPA [4—6,14]. In
this case, as in the analogous TPB system [4,5,12,15],
exponential current decrease over many relaxation
times (at least at low concentrations) has been reported.
This observation was only confirmed for measurements
made with membranes shortly after they became black
(fig. 5A). As the membranes aged, the relaxation became
clearly non-exponential, even at short times (fig. 5B).

A similar effect, as membranes aged, was observed

with the lecithin/TPB system. For phosphatidylserine
membranes (fig. 6) this aging effect could not be studied
since the blackening process was very slow so that only

aged membranes were investigated. A possible interpre-
tation of this effect is presented later.

Before analysing the experimental data using the
theory developed in section 2, we wish to rule out a
possible source of systematic error. Under ideal voltage
jump conditions, the total drop of the applied voltage
occurs across the membrane. In reality, the circuit acis
as a series resistance. The voltage is partitioned among
the membrane resistance Ry, the resistance of the
aqueous solution Rg, and the measurement resistor
R, . Under the experimental conditions used, R4 +Rg
was a small fraction of Ry (always less than 5%, usually
less than 2%). Thus, the voliage drop across the mem-
brane is weakly time dependent. In general this alters
the mathematical properties of the equations used to
describe the problems; as a result the analytical form of
the current function, I(#), depends on the series resis-
tance Rg = R, + Rg and eq. (21) would not be appli-
cable. However, this difficulty is circumvented if we
restrict ourselves to small voltages (the Ohmic range of
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the membrane). As shown in Appendix C, eq. (21) is
then still correct. The only difference is that the trans-
location rate constant £; is to be replaced by k;7, where
7=1—Rg/(Rg+ Ry (2 =0)); Ry (¢ =0) is the initial
membrane resistance. As long as the restriction to the
Ohimnic domain is satisfied, the functional form of 7(7),
eq. (21), remains unaltered. Under our experimental
conditions this effect negligibly alters &; (less than 3%).

Another difficulty arises because the adsorption/
desorption process is weakly voltage dependent [12].
Our model ignores this complication; the consequence
of this simplification will be discussed later. One point
must be stressed now. This effect provides another
source for deviation from ideal voltage clamp condi-
tions and leads to a distortion of the analytical form of
the current function, 7(?) [15,16]. As long as the applied
voltage is small, there is no alteration in the analytical
form of I1(r). This follows using arguments analogous
to those presented in Appendix C. It has previously
teen demonstrated for systems where diffusion plays
no role, i.e. strict exponential decay [16]. There is,
however, a change in the initial value of the slope of
log(#). The magnitude of this change is proportional
to the concentration of the transported ions in the
1nembrane. As in our experiments the ion concentra-
tion in the membirane is small enough (with the possible
eXception of the experiment illustrated in fig. 7), this
effect should not be important [15,16]. In summary,
the experimental conditions, i.e. concentration range,
voltage and external resisiance (Rg+ R 4 ) were chosen
so that ideal voltage clamp conditions were very well
approximated.

We shall now proceed to our method of data analysis.
As already mentioned [ and k = (—d Inf,/d 1) are ob-
tained from the initial time dependence of the current.
With these values w is calculated using egs. (18), (22)
and (31)

w = (zFC tanh zuf2)? (AZDK/I?)) . 43)

Then I()/1 is calculated from eq. (25) or (27) for
various g and compared with the experimental data.
From the best fit of theory and experiments, g and,
using eq. (18), k are obtained.

For the system lecithin/DPA there is good agree-
menti between theory and experiment for measure-
ments made on recently formed membranes (fig. 5A).
There appears to be a distinct curvature in In 7(7); this
could be accounted for by the solid curve, correspond-
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ing to the limiting case kX = 2 s—1. However, the experi-
mental uncertainties at long times are large enough that
one cannot rule out the dashed curve, corresponding

to the limiting case X=0s—1. This is a consequence of
the very small « value.

Surprisingly, theory and experiment cannot be
brought into agreement when measurements are made
using aged membranes. The data presented in fig. 5B
are typical. When the initial values of the current and
its slope are used to calculated 1(#)/1, there are enor-
mous discrepancies between theory and experiment.
Until 4 ms the experimental 7(2) can be accounted for
by a sum of two exponential relaxations; the theory,
of course, only predicts one. Even if we use the ad hoc
procedure of assuming that the slow relaxation corre-
sponds to the processes we have treated theoretically
(the dashed curve in fig. 5B), there remains a discre-
pancy. The reason for this difference is unknown. One
possible cause is the voltage dependence of the adsorp-
tion/desorption process, already mentioned in another
context. We have not included this dependence in our
analysis because of the enormous increase in computa-
tional complexity that would ensue. However, as we
could show, when this effect is accounted for, the form
of the function describing the short time current decay
is altered; in addition, when diffusion is very fast, the
function describing the short time current decay must
be replaced by the sum of two exponential functions
(unpublished). Thus it is conceivable that a more com-
plete theory, also ireating the voltage dependence of the
adsorption/desorption process, would account for ex-
periments such as that presented in fig. 5B. On the
other hand this phenomenon should also be present
when the membranes are fresh; however, there is no
hint of deviation from exponential behavior in the short
time domain in fig. 5A (z < 5 ms). This could be ration-
alized if the surface process is less important in freshly
prepared membranes. It is well known that the specific
membrane capacitance increases as membranes age [24],
indicating that the membranes become thinner, condi-
tions under which surface effects should be more signi-
ficant. We do not presently know whether these pheno-
mena are sufficient to account for the anomalies. Other
effects such as a time dependent increase of the unspe-
cific background conductivity might also contribute.

The phosphatidylserine/TPB system, illustrated in
fig. 6, shows the effect of relatively large w (w = 1).
There is no clearly defined domain of exponential decay
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Fig. 6. Current relaxation for the system tetraphenylborate/
serine following a voltage jump of 10 mV (average of 8 pulses).
The membrane was formed from a 0.2% solution of phosphatidyl-
serine in decane in the presence of 0.1 M NaCl and 10~ M
sodium tetraphenylborate in the aqueous solution (temperature
25° C, membrane area 0.061 cmz, measurement resistance 3.3
k&2, correction factor 7 = 0.995). At the lower current levels

the measurement uncertainty is indicated. The initial current
spike does not contribute in the time range considered (charging
time about 100 us). All curves were calculated using D = 5.2 X
107 cm®s™!,75=1.2 X 1073 A and k = 133 s~1. The solid
curve was obtained asusming C = 3 X 10~7 M (w = 0.54) and

k =79s7!, the dashed curve assuming C = 1076 M (w = 6) and
k =41 s"! and the dotted curve assuming C=2 X 10~7M
(w=0.24) and k = 133571 (see text for details).

in agreement with the theory for smaller g values (see
fig. 4c¢). As already mentioned in section 2.2.2, these
are the most favourable conditicns for estimating k.

As the membrane is negatively charged, the aqueous
anion concentration directly at the membrane inter-
face is much less than the bualk anion concentration.
The concentration change occurs within approximately
one Debye lengih (10 A with ionic strength 0.1 M). The
time required for diffusion in either direction through
such a short distance is many orders of magnitude less
than the times relevant in our analysis. Thus, this phe-
nomenon has no bearing on the determination of k.

In order to obtain a good fit of theory and experi-
ment we had to assume that the bulk concentration of
TPB at the time of measurement was less than the con-
centration initially present when the membrane was
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Fig. 7. Current relaxation for the system tetraphenylborate/
lecithin following a voltage jump of 10 mV (average of 8 pulses).
The membrane was formed from a 0.5% solution of dioleoylle-
cithin in decane in the presence of 0.1 M NaCl and 107 M
sodium tetraphenylborate in the agueous solution (temperature
25° C, membrane area 0.069 cm?, measurement resistance 10
k2, correction factor 7 = 0.97). At the lower current levels

the measurement uncertainty is indicated. The initial current
spike does not contribute in the time range considered (charging
time about 250 us). Measurements were made 10 min after the
membrane became black. Both curves were calculated using
D=52xX10%cm?s™},75=27x 10 % Aand k=152s"1.
The solid curve was obtained assuming C =7 X 1078 M (w =0.9
X 1073) and k¥ = 0.15s™1, the dashed curve assuming C = 10~7
M(w=18X10"3)and k=0.15s"1.

formed. As mentioned previously, the time required for
the blackening process to be completed is quite long for
these systems (normally ~1 hour). This is long enough
so that a substantial fraction of the TPB, originally in
the aqueous phase, can be leached out into the torus
containing the membrane forming solution. In the ex-
periment illustrated the best fit was found assuming

C =3 X 10—7M, 30% of the concentration initially
present. For the other four membranes studied the con-
centration decrease was not as extreme as that shown
here. Though not studied exhaustively we found that
there was a direct correlation between the age of the
membrane and the decrease in the concentration **.

As pointed out in fig. 6 the value of & is not very sen-

** For footnote see next page.
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sitive to the choice of C. The numerical value of k is
even less affected by small errors in the determination
of the membrane area and slight uncertainties in the
value of D. There remains a definite uncertainty in the
determination of &, since we have ignored the voltage
dependence of the adsorption/desorption process.
Though the voltage dependence is probably very small
[15], we cannot, within the framework of our theory,
estinate how this would be refilected in the numerical
value of k. If one accepis our value of &, then the raie
of the desorption process is comparable to the rate of
translocation, at leasi for the phosphatidylserine/TPB
sysi€m.

For the other systems studied, the estimation of &
is much more difficult even though there is good agree-
ment between theory and experiments made with rela-
tively young membranes. Fig. 7 illustrates this for the
tetraphenylborate/lecithin system. In order to account
for the data at long times, it was necessary to assume
C=7 X 10~8M, 80% of the amount initially present.
In spite of the good fit, it should be pointed out that
the difference between /() calculated for K =0.15s~1
and k—>c0 (K =0.6s~ 1) is small, although experimentally
significant (not shown in the figure). Because the dif-
ference is small, we cannot rule out that refining the
kinetic model (e.g. by introducing the voltage depend-
ence of the adsorption/desorption process) would ap-
preciably modify the value of & for this system.

In general, to determine k£ when c is small (ie.
aqueous diffusion a relatively slow process) there are
two major experimental obstacles. First, great precision
is required in the current measurement; this can be
accomplished by using a large measurement resistance
R 5 - Such experiments, which increase the importance
of the correction factor 7 (see Appendix C), have been
carried out on all the systems investigated here. This
is of no particular benefit, because the conceniration
of the transported ions in the aqueous solution is not
known with accuracy as ions are continually being
leached into the torus surrounding the membrane. To
establish £, when « is small, an independent measure-
ment of the ionic concentration is desirable. Fortunately,

** We cannot rule out the possibility that there is a similar con-
centration decrease under the experimental conditions illus-
trated in fig. 5B. If such an effect were present and were
accounted for, the discrepancies between theory and ex-
periment would be even greater.
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when «w is large, the concentration can be established
indirectly from the current at long times (see fig. 6).

For the small <> domain, other experimental approaches,
such as the temperature jump technique (work in pro-
gress), may provide more favourable conditions for es-
timation of k.
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Appendix A

Inverse Laplace transformation of 7(s)

The inverse Laplace transform of 71(s) is

biee

n()= i%f )

b—je=

e’ n(s)ds, (A1)

where & is chosen so that the path of integration in
the complex s-plane is to the right of all singularities
of 7i(s) [25]. According to a fundamental theorem of
complex variable analysis, the integral around any
closed contour on which the integrand is continuous
can be calculated from the limiting properties of the
integrand at any poles inside the contour [26]; if there
are no such points the integral around the closed path
is zero. Consider the contour shown in fig. 8. The
quantity e5? is everywhere finite. The denominator of
ni(s) from eq. (17) is

s {§~+g+ ____.gws/k }
k 1++/gwslk ’

so that poles of 72(s) are determined by the zeros of
this function. Since the point s=0 is exterior to the
contour, only the zeros of the quantity in braces need
be considered. Defining

(A2)
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A s-plane

Fig. 8. Integration contour for computing the inverse Laplace
transform of 72(s)-

gwslk=R2e2ly, R>0, —a2<¢<af2, (A3)
the factor in braces is

. 1
_IRlelk,a.,Lg_;, _Re_"rf’._EQ , (A4)
8w 1+ Relv
from which we find

+R2
ReQ=—1—R2cos2¢+g+ Rcosp +R , (A5)
gw 1+R2+ 2R cosy
2
ImQ=Rsing {'R°°s*°+ 1 . (A6)
gw 1+ R2+ 2R cosy

Q is zero only if Re @ and Im Q are simultaneously zero.
Since {y| < @/2 it is clear that only when v =0 can
Im @ be zero. However, when ¢=0

ReQ=R2[gco+ g +R[(1+ R)>0, (A7)

since R > 0. Thus 72(s) has no poles inside the desig-
nated contour and so the integral along that path is
zero. However, 71 (s) does have an important singularity
reflected in the way the contour was chosen. It is dis-
continuous across the negative real axis; from eq.

(A-6)

(A8)
ImQ==*R[(1+R2), ¢g—>af2.
The integral eq. (A.1) is equal to the sum
S
n@=-2 . (A9)

where f;(7) indicates the integral of e° I71(s)/2wi along
segment j in fig. 8. Along segments (1) and (5), /=0

as s = oo; thus only segments (2)—(4) need be considered.
Defining

s=ulkeml segment (2) e >u>0,
s =keevl segment(3) w>po>-—7w, (A.10)
s=u?ke~"1 segment (@) O<u<oco,

and using eq. (A.1), (A.9), (17) and (18), the non-zero
contributions to eq. (A.9) are

n. Y2au exp (—u2x 1)

RO=m ) T g
{ ) IVwu -1
X{—-w+1+ X " S
1+ igvewu

-

£0=5= [ id

exp (ex 1 el¥)
g

iVweeiw/2 -1
1+ igvavee?]

LO=fw=5 [ 2 opCen
0

X {eei‘P-i'l-!-

2mi g

x{—u2+1— (A.11)

In/wu -1
1—ig\/wu ’
with »_, = (K} — k{)BC/k. Summing 5 (?) and f, (9,
letting € = 0 in f3(r) and substituting in eq. (A.2) leads
immediately to eq. (19).

Appendix B

Properties of w(z)

The function w(z) is defined as

zZ
2i
wiz)=e2* {1+_ dte‘z} ) (B.1)
\/774'
Forreal z (z = x)
2 X
w(x)=e—X> + i e—x2 f dre? | (B2)
7 0

for imaginary z (z = iy)
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¥y
. 2 2 2
w(iy)=e? {1—— dre~? .}=eJ’ erfc ().
' ‘/Ebf (8.3)

The function has the fundamental property, easily
established from egs. (B.1) and (B.2),

w(—x+ip) = wHE+iy), (B4)

where w¥ is the complex conjugate of w. Tabulations
of w(z) exist (18); however, they are not convenient
for most computational purposes.

Defining
p=tan~l(x/y), T=x2+y2, (B.5)
S=sin2p, C=cos2y, (B.6)
£=7S, ~v=%(-op, 3.7
w(z) can be written as
w(z)=e—TC {cos ¢ + Asiny — Bcosv}
+ie~TC{—sinf+ Acosy+ Bsinv}, (B.3)
where
A =J%f%etccos ts, B =—\;—7_rj\£/§;efcsin ts(ig_g)

As long as 7< 1 the integrals 4 and B may be quickly
calculated by using the series expansion

A=£Z 77 cos2ny B=-2£ T7sin 2ny
7@ n=0 QRnr+nt ° N QCr+)a!”
(B.10)
When 7">1 and 7C > —1, 4 and B are computed
from eq. (B.9) using the series expansion (in the domain
? << 1) and using gaussian quadratures (in the domain
r>1).
When C < 0, w(z) may be expressed as

w(z)={—A siny + Bcosy} —i{d cosy + B sinv} ,

where (8.11)
~ 47 .Ct—T)
A=_1 [ Lle
\/57‘[ Vi
1 F cos(¥s/ICl|+T)
V#@lCl b’ 7e vy +TiC]

The expressions for B are analogous with sines replacing
cosines. Numerical evaluation of eq. (B.12) is quickly
accomplished using Laguerre quadratures as long as
TICI > 1. Eq. (B.11) is oniy valid when C < 0Q;itisa
practical improvement over eq. (B.8) when 7C < —1.
When x > 3.9 or y > 3.0, w(z) may be computed
directly using the rational approximations [18]

_._| 04613135 0.09999216
w(z) =iz
z2_0.1901635 z2-—1.7844927
0.002883894 | (B.13)
2255253437
orwhenx>6o0ry>6
2
W) =iz { 0.5124242 0.05176536 } . B.14)
z2—-0.2752551 z2 —2.724745

Appendix C
Correction for non-ideal voltage clamp

Under voltage clamp conditions, the total potential
drop is

V=IRg+Rpy); .1

of this the quantity U = R4/ is the voltage drop across
the'membrane. Rg = R 5 + Rg is the total series resis-
tance. It is this unknown voltage which governs the
ionic transport. Combining egs. (C.1), (20) and (31)
we find the following expression for U

(V — U)/Rg = 2zFA k;[BCsinh zu[2 — n(#) cosh zuf2],
(C.2)

with u = FUJRT. In general, no closed form solution
of eq. (C.2) for U is possible. However, when u is small
sinh zuf2 ~ zuf2 and cosh zu/2 ~ 1; the solution of
eq. (C.2) is then

u=@+2bu(d), v=FV/RT,
b=k;zRg(F2/RT), r=(1+bzABC) 1.

(C32)
(C3b)

Of the equations which describe our model, egs. (8-10),
only eq. (9) depends explicitly on «. Substituting eq.
(C.32) in eq. (9), using eq. (31), and restricting ourselves
to the small u region, we find

anjdt = Bkey — (k+ 2k;)n + k;7zfCv . (o))
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Comparing this expression with eq. (9) it is only
necessary to replace k; by k;r, as long as we restrict
ourselves to small voltages. The same replacement
(k; by &;7) is required for the initial current eq. (22).
Thus we have the identifications

k =2k;r, (instead of kj+k]), (C.5a)
IO =ZFABCkiUr,
(instead of zFABC(K;— k})) . (C.5b)

The correction factor 7 can be calculated by rewriting
eqg. (C.5b)as

zABC = Iy [(Fkr) (C6)

and substituting this in eq. (C.3b). We obtain, with eq.
(c.n
2Fkp v Ry + Ry (¢=0)

r=1 , (C.7)

where Ry (z =0) is the initial membrane resistance.
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